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1. INTRODUCTION 
In a recent paper [2] Nehari considered real linear differential systems of 
the form 
x’(t) = A(t) x(t). (1) 
Here x(t) is the real column vector (q(t),..., am) and A(t) is the n x n 
matrix (I): with real elements aik(t) which are continuous on the closed 
interval [a, b] of the t-axis. Let I/ A // be the spectral norm of the matrix d, 
i.e., II A II = SUPII,II=~ II Ax I/ , where 11 x j/ denotes the euclidean norm 
ii x /I2 = CL, xi2 of the vector x = (xi ,..., xn). Nehari showed that the 
condition 
s 
b /I A(t)11 dt < 3 (2) a 
implies that every nontrivial solution vector x(t) of (1) has at least one component 
xi(t) which does not vanish in [a, b] [2, Th eorem 3.31. This theorem is sharp 
and the constant 42 is the best possible. 
While discussing this result, Nehari indicated (in an oral communication, 
1968) a possible geometric proof. Let x(t) be a nontrivial solution of (I) and 
set 
40 w = poj ’ a<t<b. 
If  x(t) is oscillatory in [a, b], i.e., if each component xi(t) vanishes at least once 
in [a, b], then Z(t) describes a path on the unit sphere I/ x jj = 1 of Rn meeting 
the n principal hyperplanes xi = 0, i = I,..., n. As (1) and (3) imply 
// Z’(t)ll < // A(t)11 , the result will follow if it can be shown that the length 
s: // S?(t)[l dt of each such path is not smaller than n/2. It is the purpose of 
this paper to apply this idea to the analogous problem for complex differential 
systems. 
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In Section 2 we show that the length of a closed curve, lying on the unit 
sphere of the real n-dimensional euclidean space R” and meeting the n 
principal hyperplanes, is not smaller than 77 (Theorem 1). We then obtain, by 
projection on the unit sphere, an inequality for piecewise smooth closed 
curves meeting the n principal hyperplanes (Theorem 2). 
In Section 3 we use the modification of Theorem 2 to the complex euclidean 
space C” and an important result of Kim [I, Lemma 2.21 to obtain a sharp 
norm condition ensuring the disconjugacy of the complex differential system 
w’(z) = A(z) w(z) in a domain D (Theorem 3). 
2. CLOSED CURVES MEETING ALL THE PRINCIPAL HYPERPLANES 
We denote the points of the real n-dimensional euclidean space Rn by 
x = (Xl )..., x,J. A closed curve C is a continuous mapping 
x(t) = (x1(%.., XT@)) 
of a closed interval [a, b] of the real t-axis satisfying x(a) = x(b); so the curve 
may cross itself or repeat itself. The length Z(C) of a rectifiable curve C is 
independent of the parametrization and only rectifiable curves will be con- 
sidered. 
THEOREM 1. Let C be a closed curve on the unit sphere of Rn. If C meets the n 
principal hyperplanes then 
Z(C) 3 5-r. (4) 
Equality is obtained in (4) only for certain spherical polygons. 
Proof. [Our proof is long, so we divide it into 8 steps; steps (+0-v) are 
preparatory and the gist of the proof is in parts (v)-(viii). Moreover, the more 
detailed results proved in (v) for R3 and in (vi) for P serve only as an intro- 
dunction to the general case.] 
(i) (4) is obvious for R2 and equality holds only if C is a twice-covered 
quarter circle meeting both axes. Similarly we have, for each Rn, 
Z(P) = Tr, (42) 
where II2 denotes a twice-covered quarter circle, say, connecting the points 
(1, b, 0) and (0, 1, 0 ,..., 0). 
(ii) From now on all points, paths, arcs, curves and polygons will lie 
on the unit sphere of Rn. Let 
Pl = x1 = (x11,..., x,‘) and P2 = x2 = (x12,..., x,“) 
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be distinct. I f  they are not diametrically opposite (i.e., if x1 # - x”) then 
the smaller arc of the great circle determined by P1 and P* will be denoted 
by P1P2 and will be called the arc determined by P1 and P*. I f  x1 = - ~a 
then PIP* is any half circle determined by PI and P2. For any path $3, con- 
necting P1 and P”, we have I(‘$) 3 Z(PlP*) with equality only if ‘$ --T PIP’. 
Note that 
n 
Z(P1P2) = arc cos(xi , x2) = arc cos 2 xi$‘). 
%- 1 
(3 
Let now C be a closed curve meeting all the principal hyperplanes, and let 
PI,..., PwL be points of C, taken in the order of the parameter t, such that each 
Pk lies in a principal hyperplane and such that in each principal hyperplane 
lies at least one point Pk. I f  we replace C by the (spherical) polygon 
17” = [PI ... P”] having the points P” as vertices and the arcs PkP7+‘, 
It = I,..., m, Pm+l = Pl, as sides, then Z(C) > Z(ZP) with equality only if 
C = ZZm. It will thus be enough to prove the inequality 
z(n~y 3 ?T, m = 2, 3,..., (4d 
for all principal PoZygons lIm = [P’ ... Pm] having their m vertices in the 
principal hyperplanes and having in each principal hyperplane at least one 
vertex. Note that form = 2 always the equality (4s) holds and that the validity 
of (4m) will also yield the equality statement of the theorem. 
(iii) We now show that it will suffice to prove (4m) for a subset of the set of 
principal polygons. (a) First, we may assume that each vertex Pk of the 
principal polygon ZTm lies in the nonnegative orthant. Indeed, if this is not the 
case, then by replacing each Pk = (xlk ,..., x,“) by P+” = (I xlk j ,... / x,” I), 
k = l,..., m we obtain, by (5), Z(PkPkfl) 3 Z(P+“Py), hence Z(ZP) 3 Z(17+f11) 
where 17,“’ is now the nonnegative principal polygon [P+’ ... P+““]. 
(b) Secondly, we may assume that each vertex Pk of 17” lies in exactly one prin- 
cipal hyperplane, hence m 3 n. Indeed, if v(K), v(k) > 1, components of P” 
vanish then we replace Pk, for small E > 0, by v(k) points QF)(e), 
i=l ,..., v(K). Each Qik(e) has only one zero component, the other zeros of Pk 
are replaced by E, one positive component of Pk is slightly diminished and all 
the other positive components of Pk remain unchanged. We now replace the 
two arcs Pk-lPk and PkPk+l by the polygonal path 
(P”-‘Ql”(,) *.* @CL)(E) Pk+l) 
consisting of v(k) + 1 arcs. Applying this splitting up procedure to every 
“degenerate” (i.e., v(k) > 1) vertex P”, we replace 17”’ by a nondegenerate 
nonnegative principal polygon ZP’(E). As Z(ZIVi) - Z(ZIVl’(~)) = O(E), it 
will suffice to prove (4m,) for this set. (c) Finally, we may assume that the 
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number of vertices is equal to the dimension of the space, as by discarding 
superfluous vertices the length of a polygon cannot increase. By suitable 
renumeration of the axes of R* we thus may assume that the vertices 
Pk = (Xl” )..., x,“), h = l)..., n of our polygon IP = [P’ ... P”] satisfy 
xkk = 0, h = 1 ,..., n, Xik>O, ifk, i,k=l,..., 71. (6) 
These polygons will be called standard polygons and we thus have to prove 
that 
Z(P) 3 77 w 
holds for all standard polygons of R”. 
(iv) In the proof of (4n) we shall use repeatedly the following statement: 
LEMMA 1. Let A = (a, ,..., a,) and B = (b, ,..., b,) be two distinct points 
and assume that for one given index j, aj 3 0, 6, > 0 and uj + 6, > 0. Let 
Q = G >--., [,) be on the arc AB, Q # A, Q # B. Then & > 0. 
Indeed, as at least one of the two endpoints does not lie in xj = 0, it 
follows that this hyperplane divides the great circle, determined by A and B, 
into two semicircles satisfying xi > 0 and xj < 0 respectively; and as A 
and B lie in the closed semicircle satisfying xj >, 0 and are not diametrically 
opposite, the assertion follows. 
(v) We now consider the case n = 3. In this case the inequality 
us> 2 r> (43) 
for standard triangles in R3, is a consequence of the following, more detailed, 
assertion: If two vertices of a standard triangle 113 in R3 are given, then there 
exists a unique position for the remaining vertex which minimizes Z(lT3). This 
minimal length is, for every given pair of vertices, equal to z-. 
We prove this statement by using approprate reflections by the principal 
planes (see Figure). 
Let the vertices P1 = (0, xzl, xal) and P3 = (x1”, xz3, 0) of II3 = [P1P2P3] 
be fixed and let the vertex P2 = (xr2, 0, x32) be movable; xik > 0, i # k, 
i, k = 1, 2, 3. Set Pz3 = (x1”, - xz3, 0). Then, for any P2, 
Z(P2P3) = Z(P2Pz3) (= arc COS(X~~X~~)). (7) 
As x21 > 0 and -x2” < 0, it follows that the arc P’P,” intersects the principal 
plane x2 = 0. Let Q” = ([r2, 0, t32) be the point of intersection; then, by 
Lemma 1, [r2 > 0, [32 > 0. Equation (7) implies 
Z(PlP2) + Z(P2P3) = Z(PlP2) + Z(P2P,3) > Z(PlP,3), (8) 
and the inequality sign of (8) b ecomes an equality sign if and only if P2 = Q2. 
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Similarly, set PI3 = (- x13, x33, 0). Then 
Z(P3Pl) = Z(P13Pl). 
Equations (8) and (9) give 
(9) 
E(L73) = Z([PlP2P3]) >, Z(P13Pl) + Z(PlP,3), 
with equality only if P2 = Q”. As PI3 and Pz3 are diametrically opposite 
Z(P13P1) + Z(P1P23) = z and we thus proved the italicized statement and 
Theorem 1 is valid for R3. 
(vi) For R4 the following statement holds: If  two opposite vertices of a 
standard quadrilateral II4 in R4 are given, then there exist unique positions for the 
two remaining vertices which minimize Z(F). This minimal length is, for every 
given pair of wrtices, equal to i-r. 
Let P1 = (0, xar, x,l, xql) and P3 = (x13, x23, 0, x43) be fixed and let 
P2 = (xl”, 0, x2, x42) and P4 = (x14, xa4, x2, 0) be movable; xjk > 0, i f k, 
i, k :-: 1 ,..., 4. Then 
Z(PlP2) + Z(P2P3) = Z(PlP2) + Z(P2P,3) > Z(PlP,3), 
where P23 = (x13, - xz3, 0, x43) and equality holds only if P2 is the inter- 
section Q” of the arc PlP23 with x2 = 0. Similarly, 
Z(P3P4) + Z(P4Pl) = Z(P3P4) + Z(P4P,1) > Z(P3P,1), 
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where PJ1 = (0, xzl, xsl, - xql) and equality holds only if P4 is the inter- 
section Q4 of P3P4’ with x4 = 0. Setting Pis4 = (0, - x,l, - xsl, - x41), we 
obtain 
zp> = Z([PlP2P3P4]) > Z(PlP,3) + Z(P3P41) 
= Z(PlPZ) + z(Pz3P;34) = 7f. 
Here the inequality sign becomes an equality sign only if P2 = Q2 and 
P4 = &a, the second equality sign follows from the definition of Pi34 and the 
last equality sign follows from the fact that P1 and Pi34 are diametrically 
opposite. This proves the above statement and Theorem 1 is valid for R4. 
(vii) We now prove the inequality (4,J f or standard polygons in spaces of 
even dimension n = 2m. We keep alternate vertices Pl, P3,..., P2+l of 
n2m = [P’P” ... P”“] fixed and then minimize Z(I12”) by moving P2, P4,..., Pm 
into the positions Q2, Q4,..., Q2”. For 2m > 4, the now achieved minimal 
length of 172m will, in general, be larger than r and only special positions of 
Pl, PS,..., PSm--1 will give Z([P1Q2P3 ... Pzm-lQ2”]) = 7~. As before, we set 
Pk = (x14 . . . . cc;-, , 0, XL+1 ,..., t&J, Xik > 0, i # k, i, k = I,..., 2m, 
and 
PkE... 
denotes the point whose coordinates are the coordinates of Pk except that the 
coordinates, which correspond to the subscripts, obtain a minus sign. Then 
z(P2”-1P2k) + z(P2’eP2k+1) > z(P=-lP,2;+1), 
k = l,..., m, (Pzm+l = Pl), with equality only if P2k is the intersection Q2” 
of P2k-1Pik+1 with xzlc = 0. Hence, 
Z(I12”) = Z([Pl **. P27) > z(PlP;) + Z(P3Pd5) + Z(PSP,‘) + *.* + Z(P8VP&) 
= z(p1p33) + z(p33p;34) + @34p;345,) + ‘** ~(p;?.&-&...3m) > r. 
The last sum is the length of a polygonal path connecting P1 with its 
diametrically opposite point Pl...2m and this implies the last inequality (and 
equality will hold only if the points Pl, P23, Pi34 ,..., Pi...2m , lie in this order 
on a half circle PlPi...,,). Th’ p IS roves (42m) for standard polygons of Ram 
and the theorem is thus valid for spaces of even dimension. 
(viii) Let now the space be of odd dimension, n = 2m - 1. Together 
with the closed curve C, given by x(t) = (xl(t),..., ~~,,-~(t)), a < t < b, on 
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the unit sphere of Rzm-l we consider also the curve C, given by 
(x1(t),..., ~~~,+~(t), 0), a < t < b, which lies on the unit sphere of Rz7”. I f  C 
meets all the principal hyperplanes of R2+l, then C-lying in xzTrL := O- 
meets all the principal hyperplanes of R2m. As Z(C) = Z(C), we thus obtain (4) 
also for spaces of odd dimensions. This completes the proof of Theorem 1. 
We now drop the assumption that the closed curve C lies on the unit 
sphere, but continue to assume that C meets all the principal hyperplanes. 
We also assume that C is piecewise smooth. 
THEOREM 2. Let C be a piecewise smooth closed curve in R’” and assume that 
C meets the n principal hyperplanes and that the origin does not lie on C. Then, 
for Cgiven by x(t) = (xl(t) ,..., xn(t)), a < t < 6, 
I 
b II x’(t)11 
a II x(t)ll dt 3 7f’. 
(10) 
Eqzuzlity is obtained only for certain spherical polygons, lying on spheres with 
center at the origin. 
Proof. The projection C of C to the unit sphere is given by 
Hence, 
This implies 
and equality holds in (12) only if 
(x(t), x’(t)) = f  q(t) q’(t) = 0. 
i=l 
As C meets the n principal hyperplanes, it follows by Theorem 1 that 
TT < Z(6) = j-1 jj I’ve dt. 
a 
(14) 
Equations (12) and (14) imply (10). To obtain equality in (lo), (13) has to 
hold for all t, a < t < b, which gives 11 x(t)11 = c. This and the equality 
statement of Theorem 1 complete the proof of Theorem 2. 
4w/391I-6 
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Both theorems hold also for the n-dimensional complex euclidean space 
C”. We state explicitly 
THEOREM 2’. Let C be a piecewise smooth closed curve in C” and assume 
that C meets the n principal hyperplanes and that the origin does not lie on C. 
Then, for Cgiven by w(t) = (WI(t) ,..., wn(t)), a < t < b, 
i 
b 
a 
uw 
Equality is obtained only for certain spherical polygons, lying on spheres with 
center at the origin. 
This follows by the correspondence between C” and Rzn. Set 
and let 
wk = xk + iyk , h = I,..., n 
x = (~1 9~1, x2 > ~2 >..., xn ,m) E R2n, 
correspond to w = (wl ,..., wn) of C”. 
and 
11 w /I2 = i / wk I2 = i bk” +Yk2) = II x iI2 
k=l k=l 
II w’(t)ll = II 4t)ll . 
I f  wk = 0, i.e., if w lies in one principal hyperplane then the corresponding x 
lies in the two hyperplanes xk = 0 and yk = 0. Indeed, the theorems about 
curves in Cn remain valid if the assumption that C meets the n hyperplanes 
wk = 0 is replaced by the weaker assumption that there exist 2n parameter 
values t,,-, and t,, , a < t,,-, , t2k < b, satisfying 
Re wk(t,,-,) = h wk(t2k) = 0, h = l,..., n. 
3. A NORM CONDITION FOR DISCONJUGACY OF 
COMPLEX DIFFERENTIAL SYSTEMS 
We consider differential systems of the form 
w’(z) = A(z) w(z), (1% 
w(z) = (w,(z),..., w&z)) and A(x) = (aale(z) and we assume that the n2 
analytic functions a,,(z), i, h = I,..., n, are regular in a simply connected 
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domain D not containing z = co. The system (15) is called disconjugate (or 
nonoscillatory [2]) in D, if for every choice of n (not necessarily distinct) points 
x 1 ,..., z,, in D, the only solution w(x) of (15) which satisfies wi(zi) == 0, 
i = I,..., n, is the trivial one w(z) r= 0. 
We shall use the following result of Kim [I, Lemma 2.21. 
LEMMA 2. Let the n2 functions aik(.z), i, k = I,..., 72, be regular in j x i 6: I 
and assume that the system 
w’(z) = A(z) w(z), (15) 
(A(z) = (ailc(z))l”) is not disconjugate in / z / < I. Then there exists a non- 
trivia2 solution w(x) = (We,..., wn(z)) of (15) such that 
w,(roeitk) = 0, O<r,<l, o<tt,<2r, k-l )...) n. 
Lemma 2 and Theorem 2’ imply the following result. 
THEOREM 3. Let the functions air(z), i, k = l,..., n, be regular in a simply 
connected domain D not containing z = 00. Let r be the boundary of D and let 
I! A /I be the spectral norm of the matrix A. If  
(16) 
then the system 
w’(z) = A(z) w(z), (15) 
(A(z) = (a&)),n) is disconjugate in D. The constant r in (16) is, for any 
given domain, the best possible. 
Proof. We first let D be the unit disk / z ! < 1. The left-hand side of (16) 
is then J-r 11 A(eit)ll dt. I f  all th e f  unctions afk(z) are continuous in 1 x 1 < 1 
this is an ordinary Riemann integral. In the general case s: /I A(eit)ll dt is 
defined as lim,,, ir 11 A(reit)lI dt. Th’ 1’ is lmit is finite i f f  each function a&z) 
is of class Hr in / z I < 1. As the norm I/ A(z)11 is a continuous subharmonic 
function in / z / < 1, it follows that I(r) = jr /I A(reit)ll dt, 0 < r < 1 is a 
nondecreasing function of r. For the unit disk, (16) is thus equivalent to 
s 
2?r 
r I/ A(reit)ll dt < z-, O<r<l. (17) 
0 
(See i31.1 
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To prove the theorem for the unit disk assume, to the contrary, that (15) 
is not disconjugate in 1 x / < 1. By Lemma 2, there exists a nontrivial solution 
W(Z) = (~~(,a),..., w&z)) and a value ro, 0 < r. < 1, such that 
wk(roeitk) = 0, 0 < t, < 2rr, k = l,..., n. 
We now denote 
w(roeit) = v(t) = (q(t),..., vn(t)), 0 < t < 27T; 
hence v’(t) = ir,eitw’(r,eit). As the curve C given by w(t), 0 < t < 27r, 
satisfies the assumptions of Theorem 2’ we obtain that 
By the definition of the spectral norm (11 A 11 = supilwll=l II Aw 11) the inequality 
11 Aw 11 < I/ A 11 /I w 11 holds for any vector w; this and the differential equation 
w’(x) = A(z) w(z) imply 
B G II 4~)ll 7 Ixl<l. (19) 
Equations (18) and (19) give 
s 
2n r< y. II A(yoeit)ll dt o 
which contradicts (17) and thus proves the main assertion of the theorem for 
the case of the unit disk. 
To show that n cannot be replaced by any larger constant we use the 
following example (see [2-4]). F or E > 0, let &(z) map I z j < 1 onto the 
interior of the ellipse EC having its vertices at the points & ((p/4) + c) and 
& ie. Let first n be even, n = 2m, and let the constant matrix B = (bik)im 
be defined as follows: biSi+r = 1, i = l,..., 2m - 1, bzm,r = (-1)“; all other 
elements of B are zero. We set 
A&) = &‘(4 B> E>O, IZI (1. 
The differential system 
~‘(4 = 44 44, E > 0, (15,) 
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has the particular solution w,(z) with the components 
w,,,(x) = sin ($.(z) - 9) , WC,&) = cos (j&) -- +y )..., 
w,,zm(z) = (- l)n,‘l cos (g&) - $) . 
Each component vanishes in / z j < 1, and the systems (15,) are thus not 
disconjugate in 1 z 1 < 1. On the other hand, 1~ .4,(x)11 -= 1 C,‘(z)1 , hence 
j:,” j/ A,(eit)jl dt = jr I &‘(eit): dt = l(E,). E > 0. 
[As #Q(Z) is regular in ) z / < 1, the above integrals are ordinary ones.] As 
lim,,, I(&) = rr, we proved also the last assertion of the theorem for the case 
of the unit disk and even n. (For odd n see [4, p. 3191.) 
To prove the theorem for an arbitrary simply connected domain D with 
boundary r we use conformal mapping [3]. Let z :== I/J(~) map i 2 / < 1 onto 
D. The given system (15) in D transforms into 
with 
?3’(.2) = A(Z) tq), 63 
q2.) = w@(q) and A(f) = f(m) A(t+qf)), I/ < 1. 
The system (15) is disconjugate in D if and only if the system (z) is so in 
the unit disk. For each r, 0 < r < 1 
where r, is the map of the circle / f  / = r. In the general case Jr 1, A(z)/, ; dz / 
has to be defined as the limit, for Y + 1, of the integrals along the level lines 
rr . I f  all the coefficients ailc(z), i, K = 1 ,..., n are continuous in D and if r 
is piecewise smooth, then this boundary integral is again an ordinary one. 
This completes the proof of Theorem 3. 
This theorem improves previous results. Kim [I, Theorem 2.51 proved 
that 
*2n 
J 
r // A(reit)ll dt < 1 
0 
for all Y, 0 < r < 1, implies disconjugacy of (15) in j x 1 < 1. This was used 
to prove that 
s II 44 I dz I < 1 I- 
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implies disconjugacy of (15) in th e simply connected domain D with boundary 
I’ [3, p. 5611. Recently it was shown that for any matrix norm // A /I , con- 
sistent with an absolute vector norm 11 w // , 
s II &II I dx I < 2 l- 
implies disconjugacy of (15) in D [4, Theorem 21. The above example was 
used in [4] to show that for the induced Holder norms [/ A IIP, 1 < p < co, 
(11 A IID = sup II Aw II9 for I/ w/ID = 1, I/ w IlP = (CL, I wi Ip)llp) the constant 2 
in (20) cannot be replaced by any constant larger than rr. By Theorem 3, r is 
the exact constant in the case of the spectral norm I/ A 11s and it would be 
interesting to find the exact constants also in other cases, especially for 
and 
P = 1, II A II1 = my $ I aik I 
2=1 
~=a, llAll,-m;xf 1~~~1. 
k=l 
We conclude with the following remark. Let ‘!JI be a path on the unit sphere 
in Rn and assume that ‘!#I meets the n principal hyperplanes. Going twice along 
‘$3, first in one direction and then in the opposite one, we obtain a closed 
curve C. Theorem 1 thus gives that Z(v) 3 7r/2. This is the geometric state- 
ment, mentioned in the introduction, which yields the additional proof of 
Nehari’s result [2, Theorem 3.31. 
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